We study the constraints coming from local causality requirement in various 2 + 1 dimensional dynamical theories of gravity. In topologically massive gravity, with a single parity non-invariant massive degree of freedom, and in new massive gravity, with two massive spin-2 degrees of freedom, causality and unitarity are compatible with each other and both require the Newton's constant to be negative. In their extensions, such as the Born-Infeld gravity and the minimal massive gravity the situation is similar and quite different from their higher dimensional counterparts, such as quadratic (e.g., Einstein-Gauss-Bonnet) or cubic theories, where causality and unitarity are in conflict. We study the problem both in asymptotically flat and asymptotically anti-de Sitter spaces.
I. INTRODUCTION
Shapiro's time-delay argument [1] , known as the fourth test of general relativity (GR), basically says that light making a round-trip in space takes the least time in the absence of gravity, that is in Minkowski space. This is true in GR as can be demonstrated in several ways [2] . But it is not automatically the case in gravity theories having quadratic or cubic curvature terms, where causality violation -ultimately attributed to a Shapiro time advance-was noticed [3] . Interestingly enough, causality restoration demands the inclusion of an infinite tower of massive higher-spin particles with fine-tuned interactions that imply Reggeization [3] [4] [5] , an apparently distinctive fingerprint of perturbative string theory.
Here we explore the status of this problem in 2 + 1 gravity. Naively one might think that the Shapiro time-delay does not play any role in 2 + 1 dimensions, given the standard lore stating that there are no local gravitational degrees of freedom. However, there are several metric-based massive dynamical, locally nontrivial gravity theories in 2 + 1 dimensions that have received quite a lot of attention in the earlier and recent literature, and we want to scrutinize on them under the light of causality. Since, of course, the 2 + 1 dimensional scenario is not open to real experiments, the main question is to understand whether the causality and unitarity conditions are in contradiction or not. By unitarity, we mean the absence of ghosts and tachyons in the linearized excitations about the vacuum of the theory, and by causality we mean the positivity of the time-delay -as opposed to a time-advance-, along the line of Shapiro's argument.
We will only consider the local causality problem and not get involved with more complicated global causality issues, as even the four dimensional GR is also not known to be immune to them, at least in the presence of matter, albeit unphysical as is well-known in the canonical example of the
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Gödel spacetime. For this purpose, it is sufficient to consider spaces that asymptote to maximally symmetric backgrounds. We will first consider asymptotically Minkowski solutions; we will do so in the first part of the paper. In the second part, we will study the case of asymptotically Anti-de Sitter (AdS) spaces.
In three dimensions, Einstein's gravity has no local propagating degrees of freedom, and hence there is no issue of local causality; global causality issues are dealt with in [6] . In other words, in pure Einstein's gravity in 3 spacetime dimensions all the solutions are locally equivalent to Minkowski, de Sitter, or Anti-de Sitter space, depending on whether the cosmological constant is zero, positive, or negative, respectively. The Riemann curvature is constant, except for the conical defects associated to the mass distribution; the theory has no propagating gravitons, and there is no room for Shapiro time-delay whatsoever. In contrast to 3-dimensional general relativity, topologically massive gravity (TMG) [7] as well as new massive gravity (NMG) [8] do have local massive propagating modes, and in these theories the discussion about unitarity reduces to that of the correct choices for the signs of the kinetic and mass terms of the linearized excitations. A priori, as in the case of Einstein-Gauss-Bonnet or cubic theories in higher dimensions, there is the possibility that causality and unitarity are in conflict with each other leading to a physically troublesome theory or prompting the conclusion that the theory is at best an effective one. But in TMG, NMG and their modifications, we will show that once the sign of the Einstein-Hilbert term in the action is chosen to be the one required for unitarity -namely, the opposite to that of the 3 + 1 dimensional case-there is no conflict with local causality. Reversing the sign of the Einstein-Hilbert term basically is equivalent to taking the 2 + 1 dimensional Newton's constant, G, to be negative. It remains somewhat a puzzle as to why 2 + 1 dimensions is different in this sense from all the higher dimensional cases.
There are at least two ways to calculate the Shapiro's time-delay: The usual method is to consider the black hole solutions and look at the time-delay of light in a round-trip in the presence of the black hole compared to the absence of it. Another way is to calculate the time-delay of a massless particle moving in the presence of a shock wave [9, 10] created by a high-energy massless particle. The second method is better suited to the 2 + 1 dimensions in asymptotically flat space, since in that case black hole solutions are not available in TMG and NMG and other massive gravity theories -except for the case of purely quadratic theories-.
After studying the problem in flat space, we will address the case of negative cosmological constant. In the last part of the paper, the question we will address is whether the same phenomenon occurs in asymptotically AdS 3 ; that is, whether a region of the parameter space exists for which the massive gravity in AdS 3 can be free of ghosts and tachyons and, at the same time, compatible with local causality. This question is not redundant since the new scale given by the curvature of AdS 3 introduces differences with respect to flat space. In fact, as we will see, there are two quantitative modifications suffered by the Shapiro time-delay relative to Minkowski space: On the one hand, the Yukawa type dependence on the impact parameter found for this kind of process in Minkowski space suffers a correction in the effective mass m g , which in AdS 3 happens to depend not only on the graviton mass parameter m but also on the cosmological constant Λ. On the other hand, the Shapiro time-delay gets multiplied by an overall factor N that is a function of the Reynolds number m g / |Λ| that tends to 1 in the limit Λ → 0. The latter modification is important since, in principle, it means that the sign of the time-delay in AdS 3 could depend on the interplay between the two scales m g and |Λ|.
There is another crucial difference between flat and AdS 3 spaces, which is the aforementioned existence of black holes [11, 12] . As we have previously said, in three dimensions black holes only exist 1 in AdS space, and it turns out that the sign of G that renders the theory free of ghosts is the opposite to the one that makes the mass spectrum of the black holes positive-definite. This introduces an additional puzzle that, in order to be solved, demands invoking a kind of superselection argument 2 [19] , cf. [20] . For our purpose, this means that in order to compute the Shapiro time-delay in 3 dimensions it would not be natural to resort to the black hole geometry calculation analogous to the one usually employed in 4 or more dimensions, since what we actually want to analyze here is whether the delay is positive for the same sign of the Einstein-Hilbert action that renders the theory free of ghost-free. Therefore, the way to address the problem in AdS 3 will be, again, by considering a gedankenexperiment analogous to the one considered in flat space [3] . We will compute the time-delay suffered by a particle moving in the presence of a shock-wave generated by a high-energy massless particle. Adapting such an experiment to the case of AdS 3 space requires to consider the gravitational wave solutions found in [21, 22] coupled to the particle source. We will find that a particle interacting with such a shock-wave in AdS 3 experiences a time-delay that is positive-definite. We will see that this happens both for TMG and for NMG.
Besides, since the main motivation for considering AdS 3 space comes from AdS/CFT [23] , raising the question of the compatibility between unitarity and causality in the bulk unavoidably leads to also ask about the unitarity in the boundary conformal field theory (CFT). As it is well known, both TMG and NMG suffer from what is known as the bulk/boundary unitarity clash; that is, the discrepancy between the sign of the Einstein-Hilbert action that makes the theory free of ghosts and the one that yields a positive central charge in the dual CFT. This problem has not been solved yet, and remains one important issue in AdS 3 massive gravity [24] . Nevertheless, an interesting attempt to solve it has led to the discovery of an interesting new type of 3-dimensional massive model, known as minimal massive gravity 3 (MMG) [25] . This model consists in augmenting the TMG field equations with additional second order terms that, even when do not give relevant contributions to the effects we want to investigate around flat space, do contribute in AdS 3 space. Therefore, we will discuss this more general in the last part of the paper, showing here that also in MMG the Shapiro time-delay turns out to be positive-definite when the MMG corrections are taken into account.
The lay-out of the paper is as follows: In the next section, we warm up by showing in the context of 3 dimensional GR the kind of computations we will use throughout the work. In section III and IV we study TMG and NMG cases wherein we discuss the time-delay for null geodesics, for massless scalar fields, massive non-minimally coupled photons and the gravitons of the relevant theory. In each section, we also derive some of the results from the point of view of eikonal scattering amplitudes. We also briefly discuss the case of Born-Infeld gravity in 3 dimensions. In section V we will extend the analysis to asymptotically AdS 3 spacetimes. After the Conclusions section, we assist the reader with various appendixes including conventions and the derivation of the relevant tensor perturbations about the shock-wave background.
1 More precisely, in three dimensional massive gravity there also exist black holes in asymptotically flat and asymptotically de Sitter spaces [13, 14] and in other spaces [15] ; however, those solutions only exist at very special points of the parameter space where the theories exhibit special properties [16, 17] . 2 Other solutions have been proposed, such as looking for special values of the parameters and suitable boundary conditions that make the theory to lose its local degrees of freedom and enable one to choose the positive sign in the Einstein-Hilbert action [18] . 3 It has been recently observed in [24] that MMG in the metric formulation exhibits a logarithmic mode that can spoil unitarity in the bulk. The question remains as to whether the definition of the theory can be supplemented with a specification of asymptotic boundary conditions that accomplish to decouple the logarithmic mode and render the theory unitary.
II. GENERAL RELATIVITY WARM UP IN 2+1 DIMENSIONS
It is a well known fact that 2+1 GR is very different from higher dimensional GR. If we turn off the cosmological constant, the vacuum field equations imply the vanishing of every component of the Riemann tensor -outside sources, space-time is trivially flat. As a consequence, a careful analysis of linearized perturbations around flat space shows that they can be only pure gauge: there are no local propagating degrees of freedom. Nevertheless, we will take GR as a warm up exercise to settle the structures and type of computations we shall make to analyze the causality problem in other theories of 2+1 gravity.
Consider in GR a shock-wave ansatz 4
sourced by an energy-momentum tensor T uu = |p|δ(y)δ(u) which corresponds to a massless point particle moving in the +x direction with 3 momentum as p µ = |p|(δ µ 0 + δ µ x ), where u = t − x and v = t + x are light-cone coordinates and y is the transverse coordinate. Einstein equation for H becomes (we set |8πG| = 1)
The most general solution to this equation is
where c 1 (u) and c 2 (u) are arbitrary and related to the coordinate transformations which leave the ansatz invariant. Notice that if we choose c 1 (u) = 0 and c 2 (u) = 0 we would get a vanishing profile for y < 0 but a nontrivial one for y > 0. On the opposite hand if we choose c 1 (u) = 2|p|δ(u) and c 2 (u) = 0 we would get
meaning a vanishing profile for y > 0. Actually, and consistently with what was explained before, outside the source, the space is flat everywhere, but, due to the source we cannot have a single chart to write down the metric in such a way as to have Cartesian coordinates in both sides of the profile. Notice that a slightly different shock-wave profile was found in [26] which agrees with the general form (3) but with constants c 1 and c 2 chosen such that the profile is symmetric under y → −y. The reason we do not choose such a symmetric solution is that since our main purpose is to compute the time-delay as measured by an asymptotic observer, we pick c 1 and c 2 such that for y > 0 we have asymptotically flat and Cartesian coordinates. In the GR case this means that the profile is trivial for y > 0 but in more general cases a nontrivial profile will be found. Our interest will be to consider in different theories a particle traversing the shock-wave profile for a fixed value of the impact parameter y = b > 0. In every case, we will fix the coordinates of the profile in such a way that for y → ∞ the coordinates are asymptotically flat and Cartesian.
In particular, for the present case of GR, this choice coincides with the profile (4) and trivially, a massless spinless particle traversing this profile with y = b > 0 will not experience any delay. While this conclusion is trivial in GR, in more general theories, we will study the discontinuity of the geodesic of the particle at u = 0 to obtain the time-delay. Notice that not having chosen the symmetric profile of [26] does not mean that the existence of the delay depends on which side of the shockwave the test particle goes through. As mentioned before, space is flat at both sides of the profile and our choice of c 1 and c 2 is just a coordinate choice fixed by our utilitarian reasoning of working with asymptotically flat and Cartesian coordinates on one side (y > 0).
Besides the geodesic analysis we will also use scattering amplitudes to confirm some of the results we obtain for the delay [27] . Instead of thinking of the experiment as a massless particle traversing the shock-wave geometry produced by another particle, we consider the tree-level 2 → 2 scattering amplitude of massless non-self-interacting gravitating particles in the deflectionless limit t s → 0, which in the case of GR is given by
where √ s is the center-of-mass energy and √ −t is the absolute value of the momentum transfer. The full amplitude in the eikonal approximation will (in many practical cases) exponentiate in the impact parameter space [28, 29] . The phase associated to this exponentiation is proportional to the Shapiro time-delay and it can be computed by Fourier transforming the tree level result
This last result diverges for the region of integration close to forward-scattering (zero momentum transfer) while we would have expected it to be zero in this GR computation. This is an artifact of the eikonal approximation where the zero angular momentum mode does not behave well in the continuous limit in the impact parameter space. We will take a pragmatic approach on this issue: we choose to regulate in some reasonable way the Fourier transform of the amplitude in such a way that the particular integral (6), corresponding to GR, is zero as expected. In this way, by using the same prescription in other theories, the result we obtain is gauged by the GR result. A useful prescription is therefore to take the q integral domain to be the real line of the complex q-plane, with an indentation of the line so as to avoid the point q = 0 leaving the pole out of the contour of integration; say, q = −i . This prescription reproduces the result obtained from the geodesic analysis, provided we choose the gauge c 1 (u) = 2|p|δ(u) and c 2 (u) = 0. Displacing the pole to q = i , instead, would have corresponded to the choice c 1 (u) = c 2 (u) = 0, whereas the dimensional continuation of the higher dimensional result corresponds to c 1 (u) = σ|p|δ(u) and c 2 (u) = 0, and leads to a symmetric profile under y → −y.
We shall see later that the above discussed prescription allows us to compute the correct Shapiro time-delay for scattering scalar massless particles in other theories of 2+1 gravity besides GR. A different prescription would correspond to a choice of boundary conditions that, albeit perfectly valid, are not suitable for the sake of comparison with the Shapiro time-delay computation.
III. CAUSALITY IN TMG
The Lagrangian density of TMG [7] 
when coupled to matter, yields the field equations
where
is the Cotton tensor. The latter is traceless, expressing the conformal invariance of this particular higher-derivative deformation of Einstein equations. We have set the Newton's constant to unity but allowed a possible sign reversal parameter σ, as discussed in the previous section, σ 2 = 1. The theory is parity non-invariant and the single helicity-2 excitation about the flat background has a mass
Therefore we set σ = −1 for this mode to be non-tachyonic. This choice also ensures the kinetic energy to be positive (or non-ghostlike). Note that µ → −µ is a parity change, keeping the mass intact but reversing the helicity of the graviton. Using formulas (99) and (101) in appendix A, the TMG equations (8), for the null-source, reduce to a single third derivative (carrying the burden of parity violation) equation
Without loss of generality, let us consider the µ > 0 case. (The discussion is similar, for the other sign choice without a change in the physical consequences.) Then the most general solution is easily found as
with three c i functions depending on the null coordinate u in an arbitrary way. But these functions can be fixed by requiring the spacetime to be asymptotically flat. We can use coordinate transformations to bring the metric to the Cartesian form in the asymptotic limit. But, one cannot bring the metric to the Cartesian form for y > 0 and y < 0 with a single transformation [26] . This is a minor technical issue which we shall avoid and demand that for y → +∞ the space is given in terms of Cartesian coordinates, but for y → −∞, it is flat written in non-Cartesian coordinates.
(Namely, a single chart does not cover the whole spacetime as we discussed for the GR case.) Then for µ > 0, the gauge-fixed shock wave profile of TMG reads
Plugging (12) into (1) yields a flat space to the right of the particle and a curved one to the left of the particle as the particle is moving in the +x direction with the speed of light. For the µ < 0 case, the left and right are interchanged in the previous sentence, hence the parity-non invariance of the theory.
Consider a massless, spinless particle traversing this geometry at an impact parameter y = b > 0. When, (12) is plugged in (1), there is a discontinuity in the u coordinate which can be removed by defining a new discontinuous null coordinate as
which leads to the following time-delay for the spinless, massless particle traversing the wave
The physical picture is as follows: as the particle traverses the u = 0 line, ∆v is positive (a timedelay) as long as σ is negative for any value of the impact parameter. Therefore unitarity and causality are not in conflict in TMG for these null geodesics. We should note that as the mass of the graviton goes to infinity, TMG reduces to the pure Einstein gravity and there is no timedelay since there are no gravitons as we discussed before. It is important to note that this does not say that there is no interaction between these moving particles. In fact it is well-known that even though the particles at rest do not interact in pure 3 dimensional Einstein's gravity, they do interact when one or both of them start moving. But this interaction is instantaneous [30] and the problem of causality, if there is, is not a local one that we explore here but a global one. Another thing to note is to be careful about the interpretation of the results in non-Cartesian coordinates. For example, let us consider the y < 0 region of the shock wave that we discussed here. We noted that it is not in Cartesian coordinates, namely the metric function is given as
, which naively yields a time-delay for any finite b, in fact an increasing time-delay when the impact parameter increases, which is simply non-physical. But, as noted in the GR part, the same situation holds in pure Einstein's gravity. Let us repeat it: setting σR µν = T µν ostensibly gives a shock wave for the pure Einstein's gravity in the form σH(u, y) −2|p|δ(u)θ(y)y. But this is just flat space in another gauge (coordinates) and so there is no local gravity and no time-delay.
A. Eikonal scattering in TMG
Let us now consider obtaining the same result from the point of view of scattering amplitudes. Under the same assumptions as of section II, we compute the scattering amplitude of two massless scalar particles in TMG. The scalar field coupling reads
Taking into account that we deal with an eikonal scattering where the incoming momenta are
or, in terms of Mandelstam variables, s = −2p 1 · p 2 p u p v and t −q 2 , t/s 1. By using the graviton propagator in the Feynman gauge (α = 1) (132), we can readily obtain
And when we calculate the phase-shift, with the prescription given in section II, it gives (for b > 0) the same result as the one obtained by the geodesic analysis.
B. Scalar Particle in a shock wave
The equation for a minimally coupled massless scalar field
in the shock wave background reduces to
which we have not been able to solve exactly but this is not needed for our purposes. If we look at this differential equation near the wave and drop the terms that do not involve derivatives along the null directions, we end up with a solvable equation.
After carrying out an integration in the v-coordinate and dropping the constant term to have zero field in the asymptotic region, one has
Now we can use the separation of variables technique to solve this equation. Assume that the solution is in the form
If we substitute this into (21), we get
Let p v be the momentum of the scalar field in the v direction, then
Finally, the single mode solution reads
from which a wave packet can be obtained by Fourier transform but this is not needed. We assume that we know the momentum of the test particle, then we can calculate the phase it picks up when it crosses the shock wave at an impact parameter b as
with ∆v given in (14) . Therefore, when crossing the wave, the scalar particle picks up a phase-shift akin to the Aharanov-Bohm phase. This is the same result as (14) which was computed by the light-like geodesic analysis.
C. Photon in a TMG Shock Wave
Minimally coupled photon to the shock wave gives the same result as the scalar field and the null-geodesic case that we discussed. To see the potential differences, let us now consider a 2+1 dimensional photon non-minimally coupled to TMG given by the following action
where the second term, the non-minimal coupling, can be thought of as being generated after massive particles are integrated out. So this action defines an effective theory with γ denoting a coupling constant of L 2 dimensions. For the shock wave background (1), the wave equation for the photon reduces to
In components one has
Now, let y represent the transverse polarization vector. The vector potential can be written as A y = g(u, v) y yielding the field-strength
With these, the wave equation becomes similar to (20)
Therefore, the calculation of ∆v is also similar and one arrives at the expression
Unlike the scalar particle or the null geodesic case, setting σ < 0, does not guarantee causality, since, depending on the sign and magnitude of γm 2 g , one can have a time advance instead of a time-delay! This is not surprising because, we considered a photon that is not minimally coupled to gravity. It has been been known for a long time that non-minimal coupling, which is a breakdown of strong equivalence principle, could lead to superluminal motion and possibly to causality violations [31, 32] . For all γ > 0, there is a time-delay but if γ < 0, one must have γm 2 g > −1, to have a time-delay.
D. Graviton in a TMG shock wave
To study the gravitons in the background of the shock-wave, let us now consider the linearization of (8) (for the case of a vanishing source) about the shock-wave solution (12) for y > 0 then one gets the linearized field equations as
Defining the metric functions in the light-cone gauge as
one can compute the six equations which need to be solved consistently. Some of these equations are complicated and we delegate them to Appendix-B and simply quote the solution here. To solve these equations, a close scrutiny reveals that it would be best if one defines new functions as
where s (u, v) , r(u, v) and p(u, v) are functions to be determined. After plugging these into TMG field equations, the solution follows as
We see that g(u, v, y) and h(u, v, y) can be written in terms of f (u, v, y). Again, wave-packets of gravitons, having real profiles instead of the complex ones that we have, can be constructed from this monochromatic solution, but this is not needed as we already noted. Calculation of the time-delay follows as before and one has a shift in the graviton's phase at is crosses the shock wave as
Then, ∆v yields
which is positive for σ < 0. It is refreshing to see that no new condition, that are not already imposed by unitarity, comes from the causality in TMG and gravitons get a time-delay.
IV. QUADRATIC GRAVITY
The Lagrangian density of general quadratic gravity
has the field equations
This theory has a massive spin-2 and a massive spin-0 graviton, with masses about the flat-space, respectively given [33] as
Canonical analysis shows that one of these massive modes has to decouple to have a unitary theory. For the massive spin-2 choice the only possibility is to set 8α + 3β = 0 (39) and choose σ < 0 and β > 0. This theory is called the new massive gravity (NMG) which we shall specify from now on. For the shock wave ansatz (1), (37) reduces to
whose asymptotically flat solution is
Since the theory is parity invariant both the left and the right regions of the source are curved in sharp contrast to the case of TMG. By gauge-fixing we can choose the constants c 1 and c 2 in a way that the solution reads
Without going into further detail, calculation of the time-delay yields for b > 0
which is positive when σ is negative. Therefore causality and unitarity in NMG are compatible for null geodesics. The Eikonal scattering amplitude computation in NMG can be computed by taking into account the corresponding graviton propagator (134), which leads to
And when calculating the phase-shift again the result is in agreement with the one obtained by the geodesic analysis.
A. Photon in an NMG Shock Wave
For the non-minimally coupled photon described by (26) coupled to the NMG shock-wave, calculation of the time-delay yields
As long as γm 2 g > −1 and σ < 0, there is a time-delay for these photons for any b = 0 impact parameter.
B. Graviton in an NMG Shock Wave
Defining the metric in the light-cone gauge as in the case of TMG and defining the following functions
where s(u, v),r(u, v) and p (u, v) are the functions to be determined, one can solve the NMG equations consistently. In Appendix-B we give the equations for the h = 0 case for the sake of simplicity. The solution reads as
We see that r(u, v) and p(u, v) can be written in terms of s (u, v) . Then one obtains
Then, calculation of ∆v yields
which is positive for σ < 0 and hence NMG gravitons get a time-delay. Then causality and unitarity in NMG are compatible.
C. Born-Infeld Gravity
Causal propagation in Born-Infeld type actions, be it in electrodynamics or gravity, is not automatic. Let us consider the special case of Born-Infeld extension of new massive gravity (BINMG) given by the action [34] 
where G is matrix whose components are those of Einstein tensor G µν = R µν −g µν R/2. This theory has the same spectrum as NMG around the flat and AdS backgrounds with the added property that it has a unique AdS vacuum. The field equations are cumbersome, but they are given in [35] and hence we shall simply use them. For λ 0 = 0, and for the shock-wave ansatz the field equations, owing to the fact that R µν R µν = 0, R σ µ R σλ R λµ = 0, R = 0, reduce to those of NMG as
which simply says that as in the case of NMG, causality and unitary are not in conflict.
V. ANTI-DE SITTER SPACE
Let us now consider the case of negative cosmological constant. We will consider in AdS 3 an experiment with the shock-waves similar to the one used in flat space. In fact, our analysis will parallel that of previous sections adapting it to the case Λ < 0. Let us begin by considering the AdS 3 metric written in Poincaré coordinates, namely
with y ∈ R ≥0 , u ∈ R, v ∈ R. The first step would be finding the metric produced by a high-energy particle located at u = 0 and y = y 0 . To obtain this metric we consider the Kerr-Schild ansatz
and then source the field equations of the massive gravity theory with the energy-momentum tensor corresponding to such a particle. The only non-zero component of this tensor is
We will consider first the field equations of TMG. Later, we will consider other massive theories like NMG and MMG.
A. Topologically Massive Gravity
The equations of motion of TMG in absence of sources take the form (8); namely
where = 1/ |Λ| > 0 is the AdS 3 radius. Notice the minus sign in front of the Einstein tensor, which is consistent with having chosen σ = −1. This makes (55) free of ghosts around the AdS 3 vacuum. Field equations (55) are of third order in the metric. Coupling the energy-momentum tensor (54) to these equations and considering the ansatz (53) yield
which is the only non-trivial equation to solve. We know from [21] the solutions for the homogeneous part of this equation, which would be the solutions to (56) at both sides of the shock-wave. These solutions are
where c 1 , c 2 and c 3 are functions of u but we will suppress this dependence. The c 2 and c 3 terms can be removed by a coordinate transformation [22] . These correspond to the two pure-gauge modes of 3-dimensional gravity. To obtain the inhomogeneous solution to (56), let us consider the proposal
, with g(y) being of the type of (57), and then use matching conditions at y 0 to determine the coefficients c i . Plugging F p (y) into (56) and integrating the resulting equation between a segment y 0 − ε and y 0 + ε and then taking the limit ε → 0 to get rid of the delta function and its derivatives, and demanding both F (y) and F (y) to be continuous at y = y 0 , one finds
where we took g (y 0 ) = g(y 0 ) = 0 for the mentioned continuity of F (y) and F (y) -the primes denote derivatives with respect to y-. Then, the general solution F h (y) + F p (y) takes the form
where c i will be determined by imposing the appropriate boundary conditions.
The flat spacetime limit
As a consistency check of (59) one can verify that in the limit Λ → 0 the result for the shockwave profile reproduces the one for flat space found in our previous sections. This limit is also useful to gain intuition about how to set the boundary conditions. To take this limit it is convenient to define the coordinate
with which the AdS 3 metric takes the form
and then one can take the limit → ∞ to recover the Minkowski space. In addition, we have to take into account that the profile function defined in Section (III) is related to the new profile function as
Therefore, in the limit → ∞ one obtain
which is consistent with the result for the flat space. This provides us with a criterion to set the integration constants in (59). To actually have asymptotically flat space in the limit → ∞ we should set c 1 = 0 and c 2 = c 3 . Then, if we want to impose exactly the same boundary conditions as in our flat space analysis (asymptotically flat and Cartesian for z > z 0 ) we should also set c 2 = c 3 = 1.
Asymptotically AdS 3 boundary conditions
Consistently, the same values for c 1 , c 2 and c 3 are obtained by demanding asymptotically AdS 3 boundary conditions for finite . In fact, one may impose the Brown-Henneaux (BH) boundary conditions [36] , demanding the metric perturbations h µν = g µν − g AdS µν to be of the following orders at infinity
where O(y n ) means that a given component decays as y n or faster close to the AdS 3 boundary (i.e. around y = 0). To see this more explicitly, it is convenient to define new coordinates as r ≡ y −1 , t ≡ 2 (v + u)/2, and φ ≡ (v − u)/2, for which the components decay as
This means that for the type of perturbations considered in (53) we have to impose F (y) ∼ O(y 2 ). If we assume that µ > 1/ , to satisfy the BH boundary conditions we have to set c 1 = 0. To fix c 2 and c 3 , we demand to have regular AdS 3 space deep into the bulk (i.e. at y → ∞); this implies c 2 = c 3 = 1. The gauge-fixed solution finally reads
Notice that for y < y 0 the dependence on the y coordinate is quadratic; however, this is nothing but AdS 3 written in different coordinates.
Shapiro time-delay in AdS
Let us consider the interaction of a massless particle and the shock-wave in AdS found above. The idea is to verify whether the shift in the coordinate v suffered by the particle crossing the wave is positive-definite. If so, this would prevent the particle from experiencing causality problems. The equation for a massless scalar field in the shock-wave background is (after again dropping derivatives along the transverse direction)
From here, we obtain the shift in the v coordinate as ∆v =ˆ0
For a particle crossing the shock-wave at z > z 0 , we find ∆v = 2µ|p|
This result is sensitive to the sign of the Einstein-Hilbert term in the action -in fact, there is an implicit factor −σ multiplying the right hand side of (69)-. We have chosen the minus sign that renders the theory ghost free and this yields ∆v > 0.
Expression (69) can be written as
with the effective mass 5 m g = µ − 1/ > 0 and N = µ/(µ + 1/ ) > 0. This yields the result (14) in the limit → ∞, where m g = µ and N = 1. Therefore, the positivity of the Shapiro time-delay (69) expresses that unitarity and causality are compatible in TMG.
Chiral gravity
A particularly interesting case corresponds to the so-called chiral point µ = 1, where the effective mass m g vanishes. At this point of the parameter space, one of the central charges of the dual boundary theory (say the one of the left-moving sector, c L ) vanishes and this is taken as an indication that it could correspond to a chiral CFT [18] . The bulk theory also exhibits peculiar properties at the chiral point, such as the existence of new sectors of solutions. The theory defined by the TMG Lagrangian with µ = 1 and imposing BH boundary conditions is known as chiral gravity; it does not contain local degrees of freedom [18] and thus it is compatible with the choice σ = 1. On the other hand, at µ = 1 the theory admits other kind of asymptotically AdS 3 boundary conditions [37, 38] , which are weakened with respect to BH, yielding logarithmically decaying modes and do contain local degrees of freedom and thus demands again σ = −1.
To obtain the solution at the chiral point, we have to take in (56) the limit µ → 1. To do so, instead of considering the natural basis {y 1− µ , y 2 , 1} for the homogeneous solution F h (y), let us take the basis {(y 1− µ − 1)/(1 − µ), y 2 , 1}. The latter is convenient as it makes explicit that in the limit µ → 1 the modes of F h (y) are {log(y), y 2 , 1}. If we naively take in (56) the limit µ → 1 we find
As said above, at this point there are two sets of boundary conditions that we can demand: Imposing the BH boundary conditions amounts to decouple the ∼ log(y) modes, that is c 1 = 0. The coefficients c 2 and c 3 are in principle undetermined because they are related to the choice of coordinates; we gauge-fix them by removing the quadratic and constant terms for y > y 0 . We get
If, instead of the BH conditions, we impose in (71) the weakened boundary conditions proposed by Grumiller and Johansen in [37] , which in our coordinates would allow for F (y) ∼ O(log(y)), we find
5 It is worthwhile not to mistake this effective mass appearing in ∆v for the graviton mass of TMG around AdS3, which is given by µ 2 − 1/ 2 . A general analysis on the effective mass of non-linear gravitational waves in AdS3 in the full theory, consisting of TMG coupled to NMG has been done in reference [21] .
where now the value of c 1 is not constrained. This phenomenon is the non-linear analog of the logarithmic modes of [37] . The emergence of the logarithmic decaying mode is due to the finite size effects; at µ = 1, the Compton wave length of the massive graviton equals the AdS 3 radius. Also in relation to the chiral point, notice that the expression for the time delay (69) appears to be singular in the naive limit µ → 1 which might seem puzzling as in that limit, provided one decouples the logarithmic mode, the theory is expected to be dynamically trivial; that is, one expects the chiral gravity to lose the local degrees of freedom when Brown-Henneaux boundary conditions are imposed. This seems to be in contradiction with the divergence in (69), as one would rather expect the time delay to vanish in that case. However the divergence is a red-herring since the expression (69) is not applicable at the chiral point, the reason being that some of the steps in the derivation only hold provided that µ = 1. For example, in (57) the gauge-fixing used to exclude the unphysical GR pure-gauge modes changes in the chiral point and no longer corresponds to setting the coefficients c 2 and c 3 of the quadratic and constant pieces to zero: As discussed above, in the limit µ → 1 (or µ → −1) the massive mode of TMG degenerates with the constant (respectively the quadratic) mode of GR. This means that the only dynamical mode that remains is the logarithmic one ∼ log(y), while the piece that goes like ∼ y 1±µ = y 1±1 becomes pure gauge and can be removed by choosing c 1 = −c 3 =ĉ/(1±µ ). Therefore, once the logarithmic mode is excluded by boundary conditions, the expression for the wave profile, F , reduces to that of GR, and so the rest of the computation ensues. Another step that makes (69) inapplicable to derive conclusions about the chiral point is the assumption µ > 1, which yields the condition c 1 = 0 to fulfill the boundary conditions and eventually derive (67). In brief, the expression (69) is not applicable at the points µ = ±1, which are actually singular in many aspects. On general grounds, we could have anticipated that at the chiral point the time delay could not acquire the Yukawa dependence that (69) exhibits, as no massive mode survives after imposing the Brown-Henneaux AdS 3 boundary conditions. A similar phenomenon happens in NMG at its critical points, where the theory also exhibits degeneracy between the massive higher-derivative modes and massless GR modes. Studying the causality at the chiral points of TMG and NMG requires a separate analysis, and could be actually interesting; however, this would demand first to understand more serious issues these critical theories present when they are coupled to matter, see [39] for example for the case of flat space limit of chiral gravity.
B. The new massive gravity
Now, let us consider the computation in NMG. The main difference with respect to TMG is that NMG is parity-even and, consequently, contains two graviton polarizations. This is related to the fact that the NMG field equations (37) are of fourth order. Taking into account (39), these can be written as follows
does not include derivatives of the curvature. This property makes NMG to be free of a scalar ghost-like degree of freedom associated to R that other quadratic theories suffer from. This is also related to the fact that NMG coincides at the linearized with the Fierz-Pauli action for a massive spin-2 field [8, 13] . It is also worth pointing out that, unlike what happens in TMG, in NMG the AdS 3 radius is not given only by Λ but it also depends on the mass parameter m; see [8, 13, 21] for details.
The field equations (74) for the ansatz (53) take the form
whose homogeneous solutions are
where c ± are constant coefficients and β = 1/2 + 2 m 2 . Then, we proceed in a similar way as we did for TMG: First, we consider the inhomogeneous solution F p = θ(y − y 0 )g(y), with g(y) solving (75), then we match at y = y 0 by integrating between a segment that eventually tends to zero; demanding continuity we find g(y 0 ) = g (y 0 ) = g (y 0 ) = 0, and then we obtain
The general solution to (75) reads
where c 4 is a new constant coefficient. As for TMG, these constant coefficients will be fixed by imposing suitable boundary conditions. The intuition about how to do so comes again from the flat limit → ∞, in which we find
To have asymptotically flat space we need c 3 = −1, c 4 = 0, and c 1 = c 2 , while to have Cartesian coordinates at z > z 0 we need, in addition, c 1 = c 2 = −1. This finally yields
which is the same as in our flat space computation. As in the case of TMG, the same values for c 1 , c 2 , c 3 , and c 4 are obtained by imposing BH boundary conditions for a finite : If we assume m 2 > 1/(2 2 ), then β > 1, so we need c 4 = 0. If, in addition, we demand having regular AdS 3 deep into the bulk (i.e. y → ∞) we have c 3 = −1. The freedom in choosing c 1 and c 2 is again related to the choice of coordinates; for having AdS 3 in the usual coordinates at y → ∞ we set c 1 = c 2 = −1. Finally, the profile for finite reads
Without going into the details in order to avoid redundancies, we can write the final result for the shift for a particle crossing the shock-wave at z > z 0 in NMG as ∆v = 2m 2 2m 2 2 − 1
which can be written as
with N = m/(m + 1/(2m 2 ) + (1/ ) 1 + 1/(2m 2 2 )) > 0 and the effective mass given by m g = m 1 + 1/(2m 2 2 ) − 1/ . This turns out to be positive-definite, and it reproduces the result of the flat space in the limit → ∞ (where m g = m and N = 1).
Critical points of NMG
As it happens in TMG, the point of the parameter space on which m g = 0 yields vanishing central charge in the dual conformal field theory and makes the theory to acquire special properties. At this point we have m 2 2 = 1/2, and this is the NMG analog to the chiral point of TMG. In the case of NMG, however, the boundary theory has no diffeomorphism anomaly, and thus one finds that both c R and c L vanish (notice that this corresponds to β = 1; see (89) below).
In NMG, in addition, there exist another critical point, which corresponds to m 2 2 = −1/2 (that is, β = 0). The latter requires a value m 2 < 0, and in the case of asymptotically de Sitter solutions this corresponds to the partially massless point [16] . Let us consider these two critical points separately: Let us start with β = 1 and consider the point β = 0 later. For β = 1 we can take the set {y 2 log(y), log(y), y 2 , 1} as the basis of F h (y). In fact, taking the limit β → 1 in (75), we get In the critical point β = 0, on the other hand, we find for F h (y) the modes {y log(y), y, y 2 , 1}. In this case, the solution (75) in the limit β → 0 yields
which, apart from the logarithmic modes ∼ y log(y) also includes the linear mode ∼ y which is characteristic of conformal gravity [40] -even though the higher-curvature terms of NMG are not conformally invariant, but conformally covariant-. This linear mode is responsible of the existence of hairy black holes in NMG around (A)dS spaces [13, 14] ; see also the discussion in [16] .
C. Unitarity in the boundary CFT 2
Now, having shown the compatibility between unitarity and causality in the bulk, let us study the necessary conditions for unitary in the dual CFT.
The bulk/boundary unitarity clash
As already mentioned, both TMG and NMG suffer from the so-called bulk/boundary unitarity clash. That is, the conflict between the value of the coupling constants that make the bulk theory unitary and those that make the boundary theory unitary. More precisely, in the case of TMG the dual CFT 2 has left-and right-moving central charges given by
which are negative for the choice σ = −1. Reciprocally, demanding c L ≥ 0 ≤ c R leads to choose the sign of the Einstein-Hilbert action with a ghost. The same occurs with NMG, which yields a dual CFT 2 with central charges
which also require σ = 1 to be positive. This implies that, for these theories, either the bulk theory is not unitary or the boundary CFT 2 is not unitary. Asking the boundary CFT 2 to be unitary, and therefore c L > 0 < c R , the mass spectrum of the BTZ black holes turns out to be positive too, yielding L 0 ≥ 0 ≤L 0 , and this is one of the reasons why the microscopic derivation of the black hole entropy in terms of the Cardy formula works. This is also why in [18] a proposal was made to decouple the local degrees of freedom in the bulk while still keeping c L = 0 ≤ c R (namely, considering µ = 1 with σ = 1). However, the conflict between bulk and boundary unitarity remains for general values of µ . In the last years, different theories in 3 dimensions have been proposed as proposals to solve the bulk/boundary unitarity clash. For instance, in reference [41] a bi-gravity theory called zweidreibein gravity (ZDG) was proposed, which can be regarded as a generalization of NMG. More recently, in reference [25] , an extension of TMG called minimal massive gravity (MMG) has been proposed as a model that would eventually 6 yield a ghost-free theory about AdS 3 while, at the same time, yield positive values for the central charges if the dual CFT 2 . The terms that MMG add to TMG do not contribute in asymptotically flat space for the specific solutions we have considered here. In contrast, they do contribute in the case of AdS 3 . Therefore, it is worthy considering these terms here. We will see below that when such MMG terms are considered, the result for the Shapiro time-delay is also positive, even in the window of parameter space in which the central charges of the dual CFT 2 are positive.
Minimal massive gravity
The field equations of MMG are
with
. These correspond to adding to the field equations of TMG a second order tensor J µν . Lovelock theorem forbids this tensor to come from a variational principle in the second order formalism. In fact, one can verify that J µν is not identically conserved, although it is conserved on-shell [25] .
Considering in MMG the ansatz (53), yields
the equation of motion for a shock-wave in this theory is [42]
whose homogeneous solutions have been found in [42] . Following the same procedure as in for the case of TMG, we find the Shapiro time-delay in MMG, which reads
with m g = µ − 1/ − γ/(2µ 2 ) and N = µ/(µ + 1/ − γ/(2µ 2 )). In reference [25] it has been shown how, for the choices of parameters that yield (90), a windows exists for the value of γ such that, even if σ = −1, the central charges of the boundary CFT 2 result positive. It is easy to verify that within such window the value (93) turns out to be positive-definite. This shows the compatibility between bulk causality and the necessary conditions c L > 0 < c R for the unitarity in the dual CFT 2 . The problem with unitarity still remains due to the logarithmic modes discussed in [24] . Whether or not a consistent way of decoupling such modes exists deserves further analysis. Let us add that the same kind of computation can be done for ZDG theory, whose homogeneous wave solutions in AdS 3 F h are also known explicitly [43] .
VI. CONCLUSIONS
We have studied the issue of local causality in 2 + 1 dimensional topologically massive gravity and the new massive gravity. We have shown that unlike the quadratic and cubic theories in dimensions n ≥ 4, causality and unitarity are not in contradiction in 3 dimensions. Namely, as long as the sign of the Newton's constant is chosen to be the opposite to the one considered in the higher-dimensional case, TMG and NMG in asymptotically flat spacetime turn out to be causal and unitary. We have also investigated the Born-Infeld extensions of NMG, which have also been shown to be causal and unitary. We have also performed the analysis in these theories for the asymptotically Anti-de Sitter (AdS) spacetime. Again, local causality and unitarity were found to be consistent. The notion of local causality we considered here is the positivity of the Shapiro time-delay for null geodesics and minimally-coupled fields, while with unitary we mean the absence of ghost and tachyon excitations.
The observation of [3] that Einstein-Gauss-Bonnet and (Riemann) 3 theories are not causal and can only be made causal by relying on the existence of a UV completion of the theory such as string theory, naturally give raise the question as to whether 3-dimensional (massive) gravity fits into this picture where no higher spin states are needed to ensure local causality. While a full understanding of this might require further investigations, we have some remarks to make: First of all, to the best of our knowledge, none of the theories considered here come from string theory compactifications. At least, no derivation of them without introducing extra fields is known. Some of them, however, involve Chern-Simons Lagrangians, thereby they are likely to be well-posed at quantum level. This even permits one to write down theories for a finite number of higher-spin fields (see [44] , and references therein), something that is not possible in four or higher dimensions. All in all, we can interpret our results as further evidence suggesting that gravity in 3 dimensions might exist without reference to string theory, as an effective theory not hindered by causality violation.
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VIII. APPENDICES

A.
Shock wave geometry
The signs play a crucial role therefore let us fix them explicitly here: the signature of the metric is (−, +, +), the Riemann tensor reads as R µ ναβ = ∂ α Γ µ νβ − .... The shock wave metric describes the spacetime generated by a point particle moving at the speed of light. Let (t, x, y) be the coordinates in the Minkowski space. Defining the null coordinates as u = t − x and v = t + x and considering a massless point particle moving in the +x direction with 3 momentum as p µ = |p|(δ µ 0 + δ µ x ) and with the energy momentum tensor as T uu = |p|δ(y)δ(u), the ansatz for the metric created by this particle in local coordinates read
To simplify the relevant computations [46] , let us write the metric in the Kerr-Schild form as g µν = η µν + H(u, y)λ µ λ ν with the λ µ vector satisfying the following properties
In the null coordinates, non-vanishing components of η µν are η uv = − 1 2 and η yy = 1 and one also has det g = det η = − 1 4 . The Christoffel symbols can be found as
whose non-vanishing components are
Observe that one has vanishing contractions λ σ Γ σ µν = 0, λ µ Γ σ µν = 0 and the Riemann tensor is also linear in the derivative of the metric function H as no contribution comes from the products of the connections
From this follow the Ricci tensor and the "Box" of the Ricci tensor (which are relevant in the NMG and the Born-Infeld gravity cases discussed in the text) as
Finally, for the TMG case, we need the Cotton tensor which is defined as
with η µαβ being the completely antisymmetric tensor normalized as 7 η uvy = 2. It follows that for the shock wave, one has
One can use these tensors to find the shock wave solutions in various gravity theories, which we have done in the relevant sections above. Let us also compute the spin-2 perturbations about a given shock wave background below as they are relevant to the gravitons scattering through the shock wave.
B. Perturbations about the shock wave
In principle, one can work out the most general perturbation without choosing a gauge, but the ensuing computations are unnecessarily cumbersome in theories beyond GR, so a proper choice of gauge that keeps all the physical degrees of freedom is important. Defining the perturbation as h µν ≡ δg µν , the light-cone gauge seems to be the best choice for our purposes. So we set
or more covariantly we have λ µ h µν = 0 and the following equations hold in this gauge
The linearized connections can be calculated as
or more explicitly in components, one has
The linearized Ricci tensor
boils down to the following form in the light-cone gauge
where we used the round brackets to denote symmetrization with a factor of 1/2. The linearized scalar curvature reads
Computation of the linearization of the Cotton tensor is somewhat long, we use the form given in [47] valid for an arbitrary background as 
which could still be simplified further, but this form is all we need to carry out our computations. In the light-cone gauge, h µv = 0, and with the definitions g ≡ h uu , f ≡ h uy , h ≡ h yy , where all functions depend on all coordinates, we list the explicit forms of the linearized forms of various components about the shock-wave background. We have made use of these results while studying the graviton propagation in the relevant theories in the text.
Components of the linearized Ricci tensor are
The linearized curvature scalar reads
Components of the linearized Cotton tensor are With this definition, each component of the NMG equations can be computed. But since two components of the equations are somewhat complicated, we shall simplify them again by using the fact that we have ∂ y H = −m g H away from the source. 
C. Scattering amplitudes in Massive Gravity
In order to compute eikonal scattering amplitudes in massive gravities, it is fairly convenient to introduce a set of orthogonal projection operators constructed from the transverse and longitudinal projectors [48, 49] 
These are six operators in the space of symmetric tensor fields, P 
In order to compute the propagator we need to add a term in the Lagrangian fixing the de Donder gauge,
whose quadratic expansion can be written using the above projector operators as L 
where we have introduced the spin operators 
These are the propagators used along the paper to compute the Eikonal scattering amplitudes.
